We consider two kinds of higher dimensional models which upon dimensional reduction lead to Jordan-Brans-Dicke type effective actions in four dimensions with the scale factor of the extra dimensions playing the role of the JBD field. These models are characterized by the potential for the JBD field which arises from the process of dimensional reduction, and by the coupling of the inflaton sector with the JBD field in the Jordan frame. Taking into account the fact that these models allow the possibility of enough inflation and dynamical compactification of the extra dimensions, we examine in the context of these models the other conditions which need to be satisfied for a viable scenario of extended inflation. We find that the requirements of conforming to general relativity at the present epoch, and producing suitable bubble spectrums during inflation lead to constraints on the allowed values taken by the parameters of these models. A model with a ten dimensional JBD field is able to satisfy the condition for appropriate density perturbations viewed in the conformal Einstein frame, with a stringent restriction on the initial value taken by the scale factor of the extra dimensions.
Gravitational field theories in which the spatial dimensions exceed the usual three, have been widely studied in the last several years [1] . A primary reason for this interest is the fact that several of these higher dimensional models are obtained in the low energy (point particle) limit of string theories [2] . The former are used to investigate the cosmological consequences of the latter models, and several aspects of dilaton cosmology have been revealed recently [3] . A key common feature of higher dimensional models is that upon dimensional reduction they lead to scalar-tensor theories [4] of gravity in the four spacetime dimensions, of which the JordanBrans-Dicke [5] (JBD) model is one particular example.
It is well known that scalar-tensor theories in four dimensions act as candidates for extended inflation (EI) [6] . The scenario of EI restores the spirit of 'old' inflation [7] in the sense that inflation is driven by the vacuum energy of a scalar field (inflaton) trapped in a metastable state, which subsequently tunnels out of the potential barrier through a predominantly first order phase transition by the formation of bubbles of true vacuum [8] . Although there exist several models which can implement EI (to the extent of alleviating the typical problems of other versions of inflation like 'old' inflation [7] , 'new' and 'chaotic' inflation [9] ), this scheme encounters some of its own characteristic problems such as the 'ω-problem', which have created obstacles towards building a realistic model.
The 'ω-problem' of EI is described in a simple fashion in the context of the JBD theory where a scalar filed (JBD field) with coupling parameter 'ω' takes the place of the gravitational constant. The maximum departure from general relativity allowed by present observations forces the constraint ω > 500 at the present epoch [10] . On the other hand, it is required for the phase transition of the inflaton field to proceed in such a manner that the nucleation rate of earliest bubbles which have the potential to cause large anisotropies in the microwave background, should be suppressed. The desiradatum for a suitable bubble distribution restrains ω to be ω < 25 during inflation [11] . These two bounds on ω are incompatible for the case of the simplest JBD model where ω is a constant. Although it is possible to construct more sophisticated models with variable ω, or with potentials for the JBD field [12, 13] , the difficulty of implementing appropriate density perturbations remains in such models. It is widely believed that quantum fluctuations of the scalar fields during inflation leading to density perturbations should be able to provide the seeds of large scale structure formation in the universe. The analysis of the COBE results [14] on CMBR anisotropy and various other large scale structure observations have led to the imposition of stringent constraints on the potential used for inflation [15] .
Recently, Green and Liddle [16] have summarized all the conditions required for the construction of successful EI models. They have shown the incompatibility of a large variety of existing EI models (except for some specially contrived ones) in meeting these requirements.
Nevertheless, as we shall argue below, there exist a few models of EI obtained from compactification of higher dimensional theories, which lie outside the general category of models considered in [16] . For example, it has been observed for a model with a nonminimally coupled inflaton field in higher dimensions [17] , that a four dimensional EI scenario emerges where the effective JBD field after the completion of inflation is anchored in a potential which follows naturally from the higher dimensional action. The rate of bubble nucleation is time dependent, a feature which is generic to such higher dimensional models [17, 18] . Another type of Kaluza-Klein models can lead to four dimensional lagrangians with variable ω. Such an example was provided in [19] where together with enough inflation, stable compactification of the extra spatial dimensions was achieved by considering the dynamics in the conformal Einstein frame. The next step is to study to what extent these models [17] [18] [19] are capable of accommodating the recently formulated constraints from density perturbations [15] .
An unsatisfactory feature of such higher dimensional models is the presence of several 'free' parameters, e.g., scale of curvature of the extra dimensions, strength of the cosmological term, etc. It is expected that the various considerations for implementing a successful EI scenario would impose restrictions on the choice of values for these parameters. With this aim in mind, in this paper we study the dynamics of EI in two types of dimensionally reduced Kaluza-Klein models. In Section II we consider a model with nonminimal coupling for the inflaton field in the conformally transformed Einstein frame. Solutions for this model was earlier worked out in the Jordan frame [17] . It is true that a conformal transformation of the spacetime metric could in principle lead to certain differences in the dynamics [20] . However, for the purpose of the present analysis, such differences can be ignored [16] by requiring that the models considered are rendered sufficiently close to the limit of general relativity [10] after the epoch of inflation.
We analyze all the required conditions for succesful EI in context of the specific model. We find that although the model of Section II obeys most of the other criteria for a suitable range of parameters, it is incapable of meeting the requirements for successful density perturbations. In Section III, we study a higher dimensional JBD model [19] in the Einstein frame. Our analysis shows that this model can accommodate all the conditions by imposing tight constraints on the parameters. We present a brief summary of our results in Section IV.
Model with nonminimally coupled inflaton field in 4 + D dimensions
Before introducing our model, it needs to be stated that the model with the standard coupling for the inflaton in ten (D = 6) dimensions, which was analyzed in [18] , fails to simultaneously provide enough inflation for the four dimensional scale factor and achieve compactification for the extra dimensions. The utility of nonminimal coupling for scalar fields in higher dimensions has been noted in [21] where it was observed that the choice of a certain range of values for the coupling parameter could prohibit the isotropic expansion of all the 4 + D dimensions. Our model in 4 + D dimensions is given by the actioñ
Tildes are used throughout to describe 4 + D dimensional quantities. It is assumed that the inflaton fieldχ is anchored in a metastable state, from where it tunnels out to the true vacuum through the nucleation of bubbles. The line element in 4 + D dimensions is chosen of the form
where dΩ 2 3 is the line element of a maximally symmetric 3-space with scale factor a(t) and dΩ
corresponds to a D-sphere with scale factor b(t).
We follow the usual prescription of dimensional reduction [1, 17, 18] with the following defi-
where b 0 is a parameter with dimensions of length. σ is the inflaton field in four dimensions which undergoes phase transition from its false vacuum value (σ = 0) to the true vacuum defined at (σ = σ 0 ). We consider the ten dimensional (D = 6) case of (1) which upon dimensional reduction to four dimensions yields an effective action of the JBD type given by
At this stage a comparison with the action in the Jordan frame representing the general class of models considered in [16] is in order. The main differences are (i) the kinetic term of the JBD field Φ (representing the scale factor of the six dimensional internal manifold) comes with an opposite sign, (ii) a potential for Φ occurs naturally and cannot be set to zero unlike as done for the subsequent analysis in the Einstein frame in [16] , (iii) the inflaton sector gets coupled to the JBD field Φ in the Jordan frame itself, and (iv) the last two terms in (4) represent the total effective potential of the inflaton field in the Jordan frame. It is clear that the analysis of [16] does not exhaust all the possibilities provided by models of the type (4).
Equations of motion following from (4) were solved numerically in [17] where it was seen that inflation accrues for the scale factor a(t), whereas the field Φ (∼ internal scale factor b(t)) rolls down the hill of its potential V (Φ). An extra Maxwell type field was introduced to maintain stability of compactification at a nonvanishing value of b(t), since it induces a local minimum of V (Φ) at the corresponding value. The above analysis was carried out in the Jordan frame. Nevertheless, a conformal transformation to the Einstein frame not only simplifies the gravitational sector of the theory, but is also essential for studying some key details of EI [16, 22] .
Henceforth we shall concentrate on these aspects in the conformal Einstein frame.
We define the Einstein frame metricḡ µν as
and a new scalar field y as
where Φ 0 is a parameter having dimensions of (mass) 2 . Using (5) and (6) in (1), the action in the Einstein frame takes the form
with V (y) given by
Having defined the model in the Einstein frame we shall now analyze the various criteria which need to be satisfied for a viable scenario of extended inflation. These conditions can be stated as (a) recovering general relativity after the end of inflation within the freedom allowed by present experiments, (b) reproducing the correct strength of the gravitational coupling, (c) obtaining a bubble spectrum which agrees with CMBR isotropy, and (d) generating density perturbations that are compatible with large scale structure observations. Let us now consider the specific details of these separate desiradata in the context of the present model.
To begin with, note that the potential for this model V(y) (8) has no stable minimum, thus allowing the field y to role down unhindered. (See Fig.1 where the dimensionless function
is plotted versus y/m pl for certain typical values of the parameters.) As stated earlier, it is known [17, 18] that this defect can be rectified by the addition of a Maxwell-type term in the higher dimensional action (1) . Such a term plays the role of introducing a local minimum in V (y) at a small value of y, but has negligible effect on the dynamical evolution for large values of y. A similar role can be performed by the introduction of a Casimir term in higher dimensions, as we shall do in Section III. However, to keep the analysis as simple as possible in the present case, one can assume that y can be anchored at a local minimum of the potential, without explicitely writing the required extra term in the Lagrangian. With this assumption, general relativity is exactly recovered once y stops rolling down. From (4) it is clear that reproducing the present value of the gravitational coupling enforces the condition
where y now denotes the present value of y. If y is anchored at the local minimum of V (y) at the end of inflation, then y now = y end (y end denotes the value of y at the end of inflation). Since y end is approximately zero, the value of Φ 0 is constrained to be
In order to examine the constraints from bubble spectrum and density perturbations, it is customary to define, in the slow role approximation, the parameters ǫ(y) and η(y) [8, 15] associated with the potential V (y) as
with the primes indicating derivatives with respect to y. The number of e-foldings of inflation between two values of y is approximately given by
For the present model obtaining the expressions of V and V ′ from (8), it turns out that the right hand side of (12) is of a rather simple form. The expression for N is given by
The progress of phase transition of the inflaton field in an expanding background is determined by the quantity
which measures the percentage of false vacuum occupied by bubbles of true vacuum (E = 1 signals the end of phase transition). H is the Hubble parameter and Γ is the nucleation rate of true vacuum bubbles per unit time per unit volume. It needs to be emphasized that unlike some of the less complicated EI scenarios [6, 11, 16] , Γ(t) is not a constant here, but varies according to the time evolution of y. This feature is generic to dimensionally reduced KaluzaKlein models [17, 18, 19] since the JBD field in four dimensions gets coupled to the inflaton sector in the Jordan frame itself. Although the calculation of nucleation rate in the presence of time dependent fields is a complicated problem [23] , in the limit of weak gravity, it is possible to write down a closed form expression for Γ(y) [17, 18, 24] which for the present model reduces to
where A 0 ∼ σ 4 0 , and B 0 is the flat space bounce action. The time evolution of Γ(y) was computed in [18] using solutions for y in the Jordan frame.
It was found to be extremely favorable for the desired bubble distribution as the early (large y) formation of bubbles is exponentially suppressed. This point can be understood better by considering the value of various quantities at an era when bubble formation has just begun to take place. At this instant (about 55 e-foldings from the end of inflation), we call the value of y as y 55 . In order that the unthermalyzed bubbles from this stage do not inflate up to lead to unobserved anisotropies in the CMBR, an upper bound is placed on the value of E at this epoch (E 55 ) [16, 25] 
To calculate the value of Γ 55 (15) for our model one needs to first know the possible values taken by y 55 . This can be easily fixed from (13) by substituting y 2 = y 55 and y 1 = y end ≃ 0, to obtain
Now substituting (17) in (15) and using the fact that the Jordan frame Hubble parameter is approximately proportional to the fourth root of the Einstein frame potential [16] , the bound (16) translates into the condition (after the normalyzation E end = 1)
By substituting the values of the various quantities from (8), (10) and (17), it can be seen that (18) is easily satisfied. The necessity of a suitable bubble distribution does not impose any additional constraints on the parameters of this model.
The final check of testing the viability of this model comes from the requirement of generating density perturbations conforming to observations. This part of the analysis depends upon the specific cosmological model used (i.e., contributions to the energy density from different forms of dark matter, cosmological constant, etc.) [8] . Without going into these details, we adopt the criteria developed by Liddle et al. [15, 16] which places constraints on the parameters ǫ and η (11) at the epoch of 55 e-foldings from the end of inflation. It is required that
To see whether the above two conditions are satisfied, we first substitute the values of y 55 (17) and Φ 0 (10) into V (y) and its derivatives obtained from (8) . Then, upon using (11) (20) This constraint on the parameters b 0 (scale of the internal manifold), V 0 (3), and δ (nonminimal coupling parameter) is in fact a requirement for enough inflation (ǫ, η << 1). If the phase transition for the inflaton field is assumed to take place around the GUT scale, a particular choice which satisfies (21) 
However, a closer scrutiny of the relations (19) by substituting the appropriate numbers, shows that both of them can never be satisfied together. The reason for this model failing to generate appropriate density perturbations is because of the form of the potential (8) . Any tuning of the parameters is unable to salvage the scenario.
Higher dimensional JBD model
The action in 4 + D dimensions is
whereΦ andΛ are the 4+D dimensional JBD field and cosmological constant respectively. L(χ)
is the Lagrangian for the inflaton field which is caught in the metastable state of its potential.
The line element is again assumed to be of the form (2) . Employing the usual procedure of dimensional reduction one obtains the four dimensional action in the Jordan frame
where
with Ω D given by (3) .
In this model we include the Casimir energy contribution which may arise due to the compact nature of the internal space, which for a D-sphere takes the form A/b 4+D [26] where A is a constant. This term can provide the repulsive pressure at small values of the internal scale factor b(t) needed to balance the rolling down to zero value of b(t) [19, 26] . The conformal Einstein frame can be defined with the transformation
The equations for motion in the Einstein frame have been solved numerically [19] where inflationary behaviour for the four dimensional scale factor a(t) is obtained together with stable compactification of the internal manifold. The average time variation of the higher dimensional JBD field Φ can be made negligible with a suitable choice of parameters. It is required that the total cosmological constant should vanish at the end of the inflationary phase transition for emergence of the radiation dominated era. The above desiradata enable the elimination of two of the parameters in terms of the others, i.e.,
where the present value of Φ is taken as Φ 0 which is required to match the strength of the gravitational coupling, and is thus given by
In order to apply the other conditions for a viable EI scenario, one has to consider the potential function for this model. In terms of the dimensionless scalar field y defined as
the Einstein frame potential (for D = 6) is given by
where V 0 is given in (3) To check the density perturbation constraint (19), we first define the parameters ǫ(y) and (25), (26) and (29) of the parameters, we find using (28) and (11) 
Finally, let us examine the bubble spectrum of this model. Similar to the case of the model of Section II, Here again, the nucleation rate is time dependent [17, 18, 19, 24] , since in the dimensionally reduced action (22) the inflaton sector is coupled to the internal scale factor b(t)
in the Jordan frame itself. As in Section II, we consider the condition (16) which, after some algebra, and upon substitution of the relevant parameters translates into the constraint (for Einstein frame quantities)
Taking into account the fact that the range of allowed values of y 55 from density perturbations (30) is already rather narrow, it can be seen that (32) 
Conclusions
We have studied two kinds of higher dimensional models which lead to JBD type theories upon dimensional reduction to four dimensions. The numerical solutions of these models had been worked out earlier [17, 19] which showed that enough inflation together with dynamical compactification of the extra dimensions is possible, thus bolstering their a priori feasability as candidates for EI. A crucial common feature of these models is that the time dependent scale factor of the internal manifold is coupled to the inflaton sector of the four dimensional effective action in the Jordan frame. This causes the nucleation rate of the true vacuum bubbles to be time dependent [17, 18, 19, 24] . Furthermore, this feature leads to a different form for the effective inflaton potential and the corresponding slow role parameters in the conformal Einstein frame, from that obtained in the usual models of EI [6, 11, 12, 13] . The models considered by us, thus clearly lie outside the ambit of the general class of models examined in [16] .
In this paper we have applied to the framework of these models four essential conditions [16] required for the viability of any EI model, which are (a) recovering general relativity within the present day experimental limits, (b) reproducing the present value of the gravitational coupling, (c) producing a bubble spectrum conforming to CMBR isotropy [25] , and (d) generating density perturbations compatible with present large scale structure observations [15] .
The model considered in Section II is able to satisfy the first three of these desiradata which in turn impose the constraints (9), (10) and (17) on the parameters used. However, it fails to meet the criterion of appropriate density perturbations. The latter model (Section III) can be made compatible with all the above conditions, albeit only for a narrow range of parameters (25), (26) , and (29)-(32). Our analysis shows that the simpler higher dimensional models [17, 18] are not viable as candidates of successful EI, although more complicated ones [19] (e.g., with the inclusion of extra fields, and quantum effects in the lagrangian) are just able to squeze through the conditions imposed by present observations through stringent constraints on parameters.
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